We show that the introduction of two worldline parameters allows to drastically simplify computations in the effective field theory approach to the two-body problem in General Relativity, effectively removing half of the complexity in Feynman diagrams. These parameters obey a polynomial equation whose perturbative expansion recovers an infinite series of diagrams. Futhermore, we show that our equations define an effective two-body horizon for interacting black holes in General Relativity; in the circular orbit case, it corresponds to the smallest conceivable separation up to which the orbit can remain circular. We expect our results to simplify higher-order computations in the two-body problem, as well as to give insights on the nonperturbative properties of interacting binaries.
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Gravitational waves (GW) from compact binaries [1, 2] provide exciting new challenges for our understanding of gravity in the strong-field regime. Waveform modeling require precise theoretical predictions on the twobody dynamics in General Relativity (GR) [3] for the LIGO/Virgo data analysis [4, 5] , as well as for the future interferometers such as LISA [6] and Einstein Telescope [7] . The inspiral part is well described by the slowmotion, weak-field or post-Newtonian (PN) approximation [8] , while for the last stages of the dynamics Numerical Relativity is needed [9] . More recently, Effective Field Theory (EFT) ideas from particle physics have been applied to the two-body problem [10, 11] in the framework of Non-Relativistic General Relativity (NRGR). The perturbative computations of the post-Newtonian approximation have been successfully translated in a series of Feynman diagrams. The current state-of-the art computation in NRGR is at the 4PN level (i.e, v 8 beyond the Newtonian order where v 1 is the typical velocity of the two bodies) [12] [13] [14] [15] ; this computation confirmed earlier results obtained in the PN formalism [16] [17] [18] [19] [20] [21] [22] [23] .
In NRGR as well as in the PN formalism, the binary constituents (considered nonspinning here for simplicity) are modeled as point-particles. The Feynman diagrams of the two point-particles involve graviton vertices connected by propagators. The vertices are of two types: the bulk nonlinearities originating from the Einstein-Hilbert action, and the worldline couplings coming from the matter action describing the two point-particles. In this Letter, we point out that the introduction of two worldline parameters -or einbeins [24] -allows to drastically simplify the worldline couplings, leaving an action containing only a linear coupling of the graviton to the source (similar parametrization was already used for the two-body problem in the context of modified gravity [25] ). The number of Feynman diagrams needed to evaluate the action at each perturbative order is thus greatly reduced, so that the only computational obstacle in the two-body problem is entirely contained in the Einstein-Hilbert action.
Next, we investigate in more details the physical properties of the worldline parameters which we introduced.
In the case of circular orbits, these are known as the redshift variables [26, 27] as they represent the redshift of a photon emitted close to the point-particles and detected at large distance from the system. We find that these variables obey a fifth-order polynomial equation whose properties are examined in both the static and circular orbit case. We show that this equation does not admit solutions for close enough binaries, so that it allows to define an 'effective two-body horizon'; more precisely, we find that for a critical separation no circular orbit can exist at all for the two-body problem. This is a two-body generalization of the well-known Innermost Circular Orbit (ICO) [28] of the Schwarzschild geometry. This result could shed light on nonperturbatives properties of the two-body motion.
In the following we use units in which = c = 1, we define Planck's mass by M 2 P = 1/(8πG) where G is Newton's constant, and we use the mostly plus metric convention.
Integrating out gravity Let us begin by summarizing the NRGR approach to the two-body dynamics in GR [10, 11] . Along the way, we will introduce the worldline parameters. We take our action to be the one of GR, i.e
where the matter action is constituted of two pointparticles α = 1, 2,
In the NRGR formalism, the key quantity is the effective action formally defined as a path integral,
It is calculated with a Feynman expansion, by expanding the Ricci scalar and the point-particle action in powers of h µν . The quadratic term defines the propagator of the gravitational field, while GR-nonlinearities give rise to an infinite series of vertices. The essential point of this arXiv:2003.03366v1 [gr-qc] 6 Mar 2020 Letter is that the nonlinearities associated to the pointparticle action (we will refer to them as worldline nonlinearities) can be computed exactly, by introducing two auxiliary parameters. Let us rewrite each point-particle action as
where the einbein e α ensures reparametrization invariance of the action. Variation with respect to the einbein gives e α = −g µν v µ α v ν α which yields back the original point-particle action 2. Instead, we will keep e α undeter-mined from now on and integrate out the gravitational field. The crucial improvement that this procedure yields is that the point-particle vertex is now linear in the gravitational field, allowing for an exact computation of the effective action.
Let us split g µν = η µν +h µν /M P . We add to the action the harmonic gauge-fixing term [10] , so that our results will be expressed in harmonic coordinates. Expanding in h µν /M P , the total quadratic term in the action reads
which defines the propagator. The theory defined by eqs. (5) and (4) is now a simple quadratic theory linearly coupled to two sources. We can thus obtain exactly the effective action. Of course this neglects the higher-order vertices in h µν arising from the expansion of the Einstein-Hilbert action and from the gauge-fixing term (we call them bulk nonlinearities in the following). These vertices are suppressed by 1PN order in the PN expansion, so that strictly speaking our computation will be of 0PN order. On the other hand our result should generalize the 1PM results [29] , since the 1PM order consists in taking the full graviton propagator (5) with a linearized source term [30] . The couplings of the graviton to the point-particle give rise to only one Feynman diagram, represented in Figure 1 . It is easily computed and gives an effective action
where λ is a combination of the two velocities,
where it is understood that v α should be evaluated at the corresponding time t α in Eq. (6) . Note that the last term of Eq. (6) is not a total derivative as it may seem at first glance. Also, let us highlight the fact that we have integrated out potential gravitons only, so that the Lagrangian (6) is conservative. In this article we do not consider the dissipative channels which are represented in the NRGR formalism as the emission of on-shell gravitons [11] .
Post-Newtonian expansion We will now show how to recover a standard PN expansion from the Lagrangian (6) . Let us first focus on the Lagrangian obtained from (6) by neglecting the retardation effects. This means that we replace the sum by its n = 0 term. To get the effective two-body dynamics from this Lagrangian, one should integrate out the two auxiliary parameters. This imply a fifth-order equation for e.g e 1 ,
with labels interchanged for e 2 . By applying the post-Newtonian scaling 1/r = O(v 2 ) 1 it is easy to perturbatively solve this equation. There are four branches of solutions and we select the one whose PN expansion is consistent. At the 1PN order, we find the Lagrangian
This should correspond to the 1PN or Einstein-Infeld-Hoffmann Lagrangian [31] . However, recall that we do not yet consider bulk nonlinearities, as well as propagators corrections coming from retardation effects. This means that our expression should only recover diagrams 4b, 4c and 5b of Ref. [10] , and it is indeed the case. It is remarkable that by a single linear diagram one can get directly the diagrams with nonlinear wordline fields insertions such as diagram 5b of Ref. [10] . Going further, it is easy to check that when including retardation effects the full 1PN Lagrangian is recovered up to the only diagram with a cubic graviton vertex given by Figure 5b in Ref. [10] . We have also verified that we correctly obtain the 2PN diagrams corresponding to this resummation. [32] .
Finite-size effects A great improvement of our approach compared to standard NRGR is that finite-size effect have a more direct graphical interpretation : they are the only non-minimal couplings to the point-particles worldlines. Following [11] , we can model finite-size effects at lowest order by adding a term in the action
where the coefficient C E is related to Love numbers with a scaling C E ∼ r 5 s /G with r s the size of the source. We choose here to treat these kind of operators perturbatively, while still staying nonperturbative in the lowestorder point-particle coupling (2) . Hence a simple computation gives the lowest-order contribution of finite-size effects to the effective Lagrangian (6) :
Static potential Having confidently established the perturbative validity of our Lagrangian (6), we will now analyze in more details the non-perturbative effects it implies. By non-perturbative we mean that we do not resort to any post-Newtonian expansion beyond the first approximation of ignoring bulk nonlinearities. This approach is similar in spirit to the post-Minkowskian expansion [29, [33] [34] [35] [36] [37] [38] . Of course, there is no physically conceivable situation where the bulk nonlinearities would be subdominant while not being in a post-Newtonian approximation scheme. However, our results will be in some sense 'more exact' than the post-Newtonian ones since we include an infinite number of PN terms. We will see that we will be able to define an 'effective two-body horizon', a quantity whose very existence cannot be recasted in the standard post-Newtonian formalism.
To get some insight, we will begin by analyzing the static situation. This means that we will set v 1 = v 2 = 0 in all our preceding formulas. Then e 1 , e 2 obey the quintic equation f α (e α , r) = 0 where with labels interchanged for e 2 . The polynomial equation (12) has five roots and only one has the correct post-Newtonian expansion. In Figure  2 we have plotted the quintic equation (12) in the equalmass case as a function of e 1 and for different values of r. It appears that for a certain critical value of the radius r c , the real root e 1 (r) with the correct post-Newtonian behavior cease to exist. This critical radius is defined as the point where
and is also plotted as a function of the symmetric mass ratio ν = m 1 m 2 /M 2 (where M = m 1 + m 2 ) in Figure 2 .
Note that due to the symmetry of the equations, the critical radius is the same if one instead considers the polynomial equation on e 2 .
To get an understanding of the phenomenon at play, let us consider the test-mass ratio m 1 → 0. In this case the critical radius becomes r = 2Gm 2 . But we also know the exact solution for e 1 from the original point-particle action (4) : it is e 2 1 = −ḡ 00 whereḡ µν is the Schwarzschild metric in harmonic coordinates,
More precisely, since we are considering a one-graviton exchange in the Lagrangian (6) we should rather take the linearized Schwarzschild metric so that e 2 1 1−2Gm 2 /r. It is then clear that in this case the critical radius corresponds to the point-particle becoming lightlike e 1 = 0, i.e the critical radius is reached when the point-particle is on the horizon of the massive particle m 2 . In this sense, our equations define an effective horizon for two interacting point-particles : for r < r c , our static assumption is necessarily invalid since there are no solution to the equations, i.e the two particles are forced to move. We will translate this statement in a measurable gauge-invariant quantity in the following.
Of course, the true horizon of the Schwarzschild metric in harmonic coordinates is situated at r = Gm 2 and not at r = 2Gm 2 . We expect that taking into account cubic and higher vertices would give a more accurate estimate of the location of the horizon. This is indeed the case when approximating the rational fraction (14) by polynomials of increasing degree in order to find its zero.
It is interesting to note that the disappearance of a solution of the quintic equation (12) is an intrinsically nonperturbative phenomenon. Indeed, if one tried to solve the quintic equation for e 1 (12) perturbatively as before, one would get e.g
and this solution exists for all r. Likewise, one could solve equation (12) perturbatively in the mass ratio m 1 /m 2 to get
The point is that, as the lowest-order solution presents a singular behavior only at r = 2Gm 2 , the same will be true of any perturbative order beyond the leading one, and so the solution for e 1 can never cease to exist for any r greater than 2Gm 2 contrary to the behavior identified in Figure 2 . Another feature of the critical point is the characteristic behavior of e near to this point. One can define a 'critical exponent' γ by the scaling e 1 − e c 1 ∝ (r − r c ) γ close to the critical point, with γ = 1/2. This is because the vanishing of the derivative of the polynomial equation ∂f 1 /∂e 1 = 0 at the critical point imposes that for e 1 close to e c 1 and r close to r c ,
such that e 1 − e c 1 ∝ (r − r c ) 1/2 . This generalizes to any mass ratio the well-known behavior in the test-mass limit obtained from the definition of the einbeins, Eq. (4).
Circular orbits The preceding qualitative analysis is gauge-dependent and as such does not provide any physically measurable quantity. We now make the assumption that the two bodies follow an exactly circular orbit of frequency ω (we recall that we concentrate on the conservative dynamics). In this setting, a physical interpretation of the einbeins e 1 , e 2 has been given by Detweiler [26] . Namely, these are the redshift of photons emitted near to the point-particles and detected by an observer situated far from the system on its axis of rotation, and as such are gauge invariant within the physically reasonable class of gauges defined in [27] .
By rewriting the infinite sum in Eq. (6) as a dependence on retarded and advanced times, it is possible to solve for the equations of motion associated to this action. This derivation will be presented elsewhere [39] . The polynomial equation on e α (8) now becomes a relation between the redshift variables and the frequency ω. We introduce the gauge-invariant distance
where M = m 1 + m 2 , and plot the critical distance and redshift parameter (defined as the point where both the polynomial equation and its frequency derivative vanish) for different mass ratios in Figure 3 .
Once again, the test-mass limit sheds light on the physical origin of the critical radius. It is well-known that the Schwarzschild geometry possess a last circular orbit at R = 3GM , under which no circular orbits (even unstable) can exist at all. This locus corresponds to the four-velocity v µ of the point-particle becoming lightlike thus justifying its name of 'light-ring'. Our polynomial equation thus provides a generalization of this feature to the comparable-mass case : no circular orbit can exist at all beyond the critical radius. Moreover, for two particles approaching the critical point an observer would see an abrupt change in the redshift parameters. This is due to the critical behavior observed previously : at the critical point (e c , ω c ), both the polynomial equation on e α and its derivative vanishes, so that one has the scaling e − e c ∝ (ω − ω c ) 1/2 and the derivative of e α at the critical point is infinite. This is illustrated in Figure 3 .
Finally, note that the value of the critical radius in the test-mass limit ν → 0 is not the correct Schwarzschild result since our Lagrangian corresponds to a single graviton exchange. Indeed, our results in the test-mass limit can once again be recovered by considering the linearized Schwarzschild metric in harmonic coordinates,
In this test-mass limit, the critical point (determined by the equation
Thus our approximation overestimates the critical radius R c = 3GM in the test-mass limit ; this could be improved by taking into account higher-order nonlinear vertices in the Einstein-Hilbert action.
Conclusion In this Letter, we have shown that the introduction of two einbeins allows for a drastic simplification of the Feynman rules of NRGR ; diagrams of increasing complexity are simply recovered from the expansion of a polynomial equation. We thus expect our result to be particularly relevant for the computation of higher order PN dynamics.
Furthermore, the polynomial equations obeyed by the redshift variables allows to define an horizon for two interacting point-particles in GR. For circular orbits, the standard PN solution for the worldline parameters becomes complex-valued for small enough separations so that no circular orbit can exist at all beyond this critical distance. Taking into account cubic and higher-order vertices would give a more precise estimate of this minimal separation. More generally, the disappearance of PN solutions for close enough binaries points towards an inadequacy of the PN parameterization in this strong-field regime.
There are multiple avenues for extending and improving our results. Apart from the inclusion of higher PM orders [34] , it would also be interesting to explore the synergies of our resummation with the Effective One-Body (EOB) [40] formalism. Indeed, while the EOB philosophy is to recast the two-body motion as the one of a point-particle in an effective metric, our resummation is somewhat two-body in essence : worldline nonlinearities do not contribute to the field of an isolated object, so that the Feynman diagrams included in our resummation contain only genuine two-body effects. On the other hand, our treatment misses the one-body dynamics (which is fully contained in the bulk nonlinearities), so that an EOB approach would be complementary.
